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INVARIANT SOLUTIONS OF THE EQUATION OF NON-STEADY LAMINAR FLOW OF A
NON-NEWTONIAN FLUID IN PIPES®

R.N. BAKHTIZIN and R.K. MUKHAMEDSHIN

A method of obtaining particular solutions of the equations of the
laminar flow of non-Newtonian fluids in pipes based on a group-theoretic
analysis of differential equations is considered. Invariant solutions
are given for point and tangential transformations satisfying the
natural boundary conditions.

1. The problem of the non-steady laminar flow of a viscous incompressible fluid along
a cylindrical pipe can be formulated as the following equation for the rate of flow w:
wp = v (wyr + 70wy 4 p7 (1)
where —dp/dz=f(1) 1is the given law of variation in the pressure drop and p,v are the
density and kinematic viscosity of the fluid, respectively. The above equation has studied
in many publications /1-3/ for various dependences of the pressure drop on time.
For a fluid with non-Newtonian properties /4/ the analogous problem is formulated as

follows: wp = O () wyy + 1D (wy) + pY () 1.1)

where @ is a function characterizing the law of friction of the non-Newtonian fluid.
Making the substitution

we reduce Eq.{l.1l) to the eguation
up = @ (ur) upr + 1710 (uy) (1.2)
The aim of the present paper is to obtain certain particular solutions of Eq.(1.2), and
hence of (1.1) by studying its group-theoretic properties /5/.

2. In the case of an arbitrary relation ®= @ (4,) Eq.(1.2) has a three-dimensional
algebra L; of infinitesimal operators with the basis X, = d4/at, X, = 8/0u, corresponding to
the displacements in ¢ and u, and X, = ro/or 4 2:8/9t + ud/éu corresponding to the selfmodelling
solution.

The group-theoretic classification of Eq.(1.2) relative to the function ®©, apart from
an equivalence transformation /5/, leads to the following result. Extension of the algebra
L; can occur only for the following specialized @ (4) (the cases @' =0,® =1 are excluded):

1) ® (u,) = exp (4;); additional basis operator
X, = rolor + (u + 2r) 9/9u

2) @ () = ul; additional basis operator
X, = (A — 1) ra/or + (A + 1) ud/ou
3) @ (uy) = u,~L We obtain an infinitely dimensional group containing, in addition to
X;, X;, X5, X; (when A= _1), the operators

Xo = 8t23/0t - r (ut — 2t) d/or -L- Butd/du
X, = rud/or + 4td/ou, X_ = wr-1d/or

o

where the function o satisfies the equation @, + w,, = 0.
Let us consider the invariant solutions of Eq.{1.2) connected with the appearance of
additional symmetries and corresponding to the natural boundary conditions

wl_p =0 wrl]. =0 (2.1)

where R is the pipe radius (henceforth we shall assume that R = 1).
Let us consider the invariant solution for the operator
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X; + aXy = 6ralor 4 2atd/0t L oud/ou
§=Ata—1, o=24 a4 1

When a =0, we obtain the solution in the form
w= B — ) (tg— VO, B =y Gh— NVOD, y= A+ A1)

which corresponds to f(t)=p (A — 1)1 (t, — fyM*-1)  gatisfies the conditions (2.1) when A>1,
and describes a condition with a constraint.
When a«+0, we can write the invariant solution in the form

u= /0l0g ), &= rtole

where ¢ satisfies the corresponding differential equation. When @ =—A—1, the equation
can be integrated in quadratures, and the solution satisfying the conditions (2.1) (when
A< 0) will be written in the form

U

- 1—2 .
o= § o e )
YA

and will correspond to the condition

1 (t) = pet/TMA+D] ("(ﬁ_ﬂ_ ¢ (l—aM/[A(Ml)])‘/O'_l)
T =

When @ (u,) = u,”!, we can use the substitution z=1 to reduce Eq.(1.2) to the form
up = (uy)s 2.2

which can be transformed, with help of the substitution =z = z,u,= =z, to a linear equation of
heat conduction /6, 7/. However, it is not easy to obtain from the solution of this equation,
the solutions of Eq.{1.1) satisfying the conditions (2.1} and to study them.

If we introduce the function v= u,, then differentiating (2.2) with respect to = we
obtain for this function the equation which has a selfsimilar solution (function ¢ has a
parametric representation):

v=1V2%p(nk), &=z (2.3)
1 ; (F' (s) — 1) ds
=T "F @) EZ“PS C=FO F @ —FPm—1)

Fs) = exp(-;—)z(g exp(%’)dt 4+ s|>—1

Then, using the ineguality (2.3) we can represent the solution of Eq.(1.l1) satisfying
conditions (2.1), in the form

=" az
- z
w=Vt T (;) (2.4

Inrtt=h

The solution of Eq.(1.2) corresponding to (2.4) is no longer invariant under point
transformation, but will be invariant under some tangential transformation /6/.

3. We will give an example of the construction of some tangential symmetries for Eq.(1.2)
discussed in /8/.
Differentiating Eq.(1.2) and introducing a new function v=u,, we obtain the eguation

vy = (r (r® (V)r)r (3.1)

The group-theoretic classification of Eq.(3.1) relative to point transformations yields
the following result. If ® () is any function, then Eq.(3.1) will have a two-dimensional
algebra with the basis ¥,= d/ot, Yy = 218/dt + rofor. The algebra can be extended under the
following specializations of ® (v (the case of @®'=0, ¢'= is excluded):

1) @ (v) = ¢Y; additional operator
Y = rofor 4 28/ov

A

2) ® (v) = v"; additional operator

Y, = (A — 1) rdfor 4- 2vd/ov
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3) @ (v) = v/*; additional operators
Y, Y, = r*a/or — 5r*vd/dv
4) @ (v) = v-1; additional operators
Y, Yo = r-1d/or + vr-2a/ov
The operators Y, ... Ys associate for Eq.(1.2) the operators of tangential symmetry,
and make it possible to construct the corresponding invariant solutions.

In particular, when @ ()= u;"», the invariant solution corresponding to the operator
associated with Y,+ 54Y,+ Y;, can be written in the form

1
S 1 y 1 \\-5
w'= \rexp (W)F t/ exp (G—r’» dr

v

where F (z) satisfies the ordinary differential equation
222F"" 4 B2F |- A5F~92-5F" + 18F = 0 (3.2)

while the following solution corresponds to the operator Y, Y;:

b , 2 \
w o= S (r2 + 1)—’/-6—5( ACESWE ; Y ) dr

7 /

where G (z) satisfies the equation
42%6"" 4 426’ + 522G%G’ — G = 0 (3.3)
Introducing new functions
F@=1%(nz), G@) =:z/w(nz)

in Egs.(3.2) and (3.3), we can reduce their order and study them using the methods of the
analytic theory of differential equations.

It should be noted that Eq.(1.2) is used in describing the plane-radial filtration of
non-Newtonian media /9/. This implies that the results obtained here may also be interpreted
from the filtration point of view.
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